Abstract. We give upper bounds of the numbers of holomorphic sections of Veech holomorphic families of Riemann surfaces. The numbers depend only on the topological types of base Riemann surfaces and fibers. We also show a relation between types of Veech groups and moduli of cylinder decompositions of flat surfaces.
Introduction
Let M (g, n) be the moduli space of Riemann surfaces of type (g, n) with 3g − 3 + n > 0. A triple (M, π, B) of a two-dimensional complex manifold M , a Riemann surface B, and a holomorphic map π : M → B is called a holomorphic family of Riemann surfaces of type (g, n) over B if each fiber X t = π −1 (t) is a Riemann surface of type (g, n) and the induced map B ∋ t → X t ∈ M (g, n) is holomorphic. The Riemann surface B is called the base space of the holomorphic family (M, π, B) of Riemann surfaces. A holomorphic family of Riemann surfaces is called locally non-trivial if the induced map is non-constant. Imayoshi and Shiga [IS88] proved that every locally non-trivial holomorphic family (M, π, B) of Riemann surfaces of finite type has only finitely many holomorphic sections if the base space B is of finite type. Shiga [Shi97] gave upper bounds of the numbers of holomorphic families of Riemann surfaces of type (g, n) = (0, n)(n ≥ 4), (1, 2) and (2, 0). The upper bounds also give upper bounds of the numbers of holomorphic sections of holomorphic families of Riemann surfaces of such types.
In this paper, we study holomorphic sections of Veech holomorphic families of Riemann surfaces. Let X be a Riemann surface of type (g, n) with 3g − 3 + n > 0. A flat structure u is an Euclidean structure on X with finitely many singularities such that every transition function is of the form w = ±z + c. The pair (X, u) of a Riemann surface X and a flat structure u on X is called a flat surface. All punctures of X and singularities of u are called critical points of the flat surface (X, u). Denote by C(X, u) the set of all critical points of (X, u). We assume that the Euclidean areas of flat surfaces are finite. The affine group Aff + (X, u) of a flat surface (X, u) is the group of all quasiconformal self-maps of X which preserve C(X, u) and are affine with respect to the flat structure u. Each element h of Aff + (X, u) is called an affine map. The derivatives A ∈ GL(2, R) of the descriptions w = Az + c of an affine map h is uniquely determined up to the sign and they are in SL(2, R). Thus, we have a homomorphism D : Aff + (X, u) → PSL(2, R). We call the homomorphism the derivative map. The Veech group Γ(X, u) of (X, u) is the image of the derivative map. Veech [Vee89] proved that Γ(X, u) is a Fuchsian group and the mirror image B of the orbifold H/Γ(X, u) is holomorphically and locally isometrically embedded into the moduli space M (g, n) with the Teichmüller metric. Let B be a Riemann surface obtained from B by removing all cone points. The Veech holomorphic family of Riemann surfaces of type (g, n) over B induced by (X, u) is the holomorphic family of Riemann surfaces corresponding to the holomorphic embedding of B into the moduli space M (g, n). We show in [Shi12] that every holomorphic section of Veech holomorphic families of Riemann surfaces is locally the orbit of a point a ∈ (X, u) for Teichmüller deformations and the point satisfies Aff + (X, u){a} = Ker(D){a}. In [Shi12] , we also give upper bounds of the numbers of holomorphic sections of Veech holomorphic families of Riemann surfaces such that the corresponding flat surfaces have simple Jenkins-Strebel directions. The upper bounds depend only on the topological types of fibers and base spaces. However, flat surfaces do not have simple Jenkins-Strebel direction in general. In this paper, we give upper bounds of the numbers of holomorphic sections of all Veech holomorphic families of Riemann surfaces which depend only on the topological types of fibers and base spaces. We also give a relation between types of Veech groups and moduli of cylinder decompositions of flat surfaces by Jenkins-Strebel directions. It claims that ratios of moduli of cylinders restrict to the types of Veech groups.
Preliminaries
In this section, we define flat surfaces, Veech groups, and Veech holomorphic families of Riemann surfaces. We also study their properties and some theorems in [Shi12] which are referred to in this paper.
Let X be a compact Riemann surface of genus g and X a Riemann surface of type (g, n) with 3g − 3 + n > 0 which is X with n points removed.
Definition 2.1 (Flat structure and flat surface). A flat structure u on X is an atlas of X with finitely many singular points which satisfies the following conditions:
(1) local coordinates of u are compatible with the orientation of X, (2) transition functions are the form
the atlas u is maximal with respect to (1) and (2).
A pair (X, u) of a Riemann surface X and a flat structure u on X is called a flat surface. All punctures of X and singular points of u are called critical points of (X, u). The set of all critical points is denoted by C(X, u).
On a flat surface (X, u), we may consider Euclidean geometry. For instance, area, segments, lengths or directions of the segments are considered on (X, u). In this paper, we assume that the Euclidean area of (X, u) is finite. A θ-closed geodesic on (X, u) is a closed geodesic with direction θ ∈ [0, π) which does not contain critical points. A segment connecting critical points with direction θ is called a θ-saddle connection. If θ = 0, we also call a θ-closed geodesic a horizontal closed geodesic, and a θ-saddle connection a horizontal saddle connection. Let θ ∈ [0, π) be a Jenkins-Strebel direction. If z ∈ (X, u) is not contained in θ-closed geodesics, then z is on a θ-saddle connection. Let us remove all θ-saddle connections from X. Then X has finitely many connected components. Every connected component R is a cylinder foliated by θ-closed geodesics and the boundary of R consists of saddle connections. The core curves of the cylinders are not homotopic to each other and not homotopic to a point or a puncture. See [Str84] . Remark. Since the core curves of R i 's are not homotopic to each other, m is less than 3g − 3 + n.
of critical points of (X, u A ) coincides with C(X, u) and u A gives a new complex structure of X. The SL(2, R)-orbit of the flat surface (X, u) in the Teichmüller space
−1 (·) acts on H as a Möbius transformation.
Proposition 2.4 ([EG97],[HS07]
). The map ι : H → T (X) is holomorphic and isometric embedding from the hyperbolic plane H into the Teichmüller space T (X) with the Teichmüller distance. Every holomorphic and isometric embedding from H into T (X) is constructed from a flat surface as above.
Let ι : H → T (X) be a holomorphic and isometric embedding constructed from a flat surface (X, u) of type (g, n). The image ∆ = ι(H) is called a Teichmüller disk. We consider the image of the Teichmüller disk ∆ into the moduli space M (g, n). Since M (g, n) = T (X)/Mod(X), the image of the Teichmüller disk is described as ∆/Stab(∆). Here, Mod(X) is the mapping class group of X and Stab(∆) is the subgroup of Mod(X) consisting of all mapping classes which preserve ∆.
Definition 2.5 (Affine groups). A quasiconformal self-map h of X is called an affine map of (X, u) if h preserves C(X, u) and, for (U, z) and (V, w) ∈ u with h(U ) ⊂ V , w • h • z −1 is the from w = Az + c for some A ∈ GL(2, R) and c ∈ C. The group of all affine maps of (X, u) is denoted by Aff + (X, u) and we call it the affine group of (X, u).
By the definition of flat structures, the derivative A of the affine map w
is uniquely determined up to the sign. Moreover, the assumption that the area of (X, u) is finite implies that A is in SL(2, R). Therefore, we obtain a homomorphism
The homomorphism is called the derivative map.
Definition 2.6 (Veech groups). We call the image Γ(X, u) = D(Aff + (X, u)) of the derivative map D the Veech group of (X, u).
Proposition 2.7 ([Vee89]). Affine maps of (X, u) are not homotopic to each other. Hence, the group Aff + (X, u) is considered as a subgroup of Mod(X).
Veech proved that Veech groups give the images of Teichmüller disks into the moduli spaces as follows.
Theorem 2.8 ( [Vee89] , [EG97] , [HS07] ). The affine group Aff + (X, u) coincides with Stab(∆). For t ∈ H and h ∈ Aff + (X, u), we have h * (ι(t)) = ι(RAR −1 (t)).
and RAR −1 is a Möbius transformation which acts on H.
The orbifold H/Γ(X, u) is holomorphically and locally isometrically embedded into the moduli space M (g, n). The embedded orbifold is the image of the Teichmüller disk ∆ into the moduli space M (g, n).
Veech holomorphic families of Riemann surfaces are given by such holomorphic and locally isometric embeddings Φ : H/Γ(X, u) → M (g, n). Let H * be H with elliptic fixed points of Γ(X, u) removed. Since every point t ∈ B = H * /Γ(X, u) corresponds to a Riemann surface X t = Φ(t), we may construct a two-dimensional complex manifold M by
Let π : M → B be the projection π(t, z) = t. Then the triple (M, π, B) is a holomorphic family of Riemann surfaces. See [Shi12] , for more details of the construction of the holomorphic families of Riemann surfaces.
Definition 2.10 (Veech holomorphic families of Riemann surfaces). A holomorphic family of Riemann surfaces constructed as above is called a Veech holomorphic family of Riemann surfaces of type (g, n) over B.
Through this paper, we assume that the Veech groups Γ(X, u) of flat surfaces (X, u) are Fuchsian groups of finite types. If the Veech group Γ(X, u) of a flat surface (X, u) is of type (p, k; ν 1 , · · · , ν k ) (ν i ∈ {2, 3, · · · , ∞}), the base space B of the corresponding Veech holomorphic family of Riemann surfaces is of type (p, k).
In [Shi12] , we characterize holomorphic sections of Veech holomorphic families of Riemann surfaces. Let (X, u) be a flat surface of type (g, n) and (M, π, B) the Veech holomorphic family of Riemann surfaces defined by (X, u). A holomorphic section of (M, π, B) is a holomorphic map s : B → M such that π • s = id B . Let ρ : H → H/Γ(X, u) be the universal covering map. For each t ∈ H, let f t : X → f t (X) be the Teichmüller map whose Beltrami coefficient µ t satisfies µ t = i− t i+ t dz dz for all (U, z) ∈ u. Then the Riemann surface f t (X) coincides with X ρ( t) = π −1 (ρ t ). There exists a ∈ (X, u) such that s • ρ( t) = ( t, f t (a)) for all t ∈ H * . Moreover, the point a ∈ (X, u) satisfies Aff + (X, u){a} = Ker(D){a}.
Let Γ be a finite index subgroup of Γ(X, u) and Γ = RΓR −1 . Let ρ : H/Γ → H/Γ(X, u) be the covering map. The holomorphic and locally isometric map Φ • ρ : H/Γ → M (g, n) constructs a holomorphic family of Riemann surfaces. Let H * Γ be the upper half-plane H with elliptic fixed points of Γ removed. We set In [Shi12] , we estimate the number of points a ∈ X satisfying Aff + (X, u){a} = Ker(D){a} in case that (X, u) has a simple Jenkins-Strebel direction. The estimation gives upper bounds of the numbers of holomorphic sections of Veech holomorphic families of Riemann surfaces induced by such flat surfaces.
Theorem 2.13 ( [Shi12] ). Let (X, u) be a flat surface of type (g, n) with a simple Jenkins-Strebel direction. Let (M, π, B) be the Veech holomorphic family of Riemann surfaces induced by (X, u). Suppose that the base space B is of type (p, k). Then the number of holomorphic sections of (M, π, B) is at most
In Section 3, we give upper bounds of the numbers of holomorphic sections of all Veech holomorphic families of Riemann surfaces by extending the proof of Theorem 2.13 in [Shi12] . We also apply the following theorem in [Shi12] . and it is primitive. Then there exists
Here, Area (H/Γ(X, u)) is the hyperbolic area of the orbifold H/Γ.
The first inequality is the consequence of the Shimizu lemma (c.f. [IT92]).
Lemma 2.15 (The Shimizu lemma). Let Γ < PSL(2, R) be a Fuchsian group. Assume that
∈ Γ and it is primitive. Then c = 0 or |c| ≥ 1 for all
Remark. It is known that
for a Fuchsian group Γ of type (p, k : ν 1 , · · · , ν k ). See [FK92] . The Shimizu lemma also means that the horodisks centered at punctures of H/Γ whose areas are 1 do not intersect each other. . Let U i be the horodisks centered at p i (i ∈ {2, · · · , k 0 }) whose areas are 1. By the Shimizu lemma, U i ∩ U j = φ (i = j). By considering the Ford region of Γ, it is easily proved that p 1 has the horodisk U 1 whose area is Area(H/Γ)−k 0 +1 and U 1 ∩ U i = φ for all i ∈ {2, · · · , k 0 }. Moreover, H/Γ − k0 i=1 U i has a positive area. Therefore,
This is a contradiction.
Finally, we see another property of Veech groups.
Theorem 2.16 (The Veech dichotomy theorem [Vee89] ). Let (X, u) be a flat surface. Suppose that the Veech group Γ(X, u) of (X, u) is of finite type. Then every direction θ ∈ [0, π) satisfies one of the following properties:
• The direction θ is a Jenkins-Strebel direction. Let
be the cylinder decomposition of (X, u) by the direction θ. Then the ratio mod(R i )/mod(R j ) is a rational number for all i, j ∈ {1, · · · , k}.
• Every θ-direction geodesic is dense in X and uniquely ergodic. That is, the θ-direction geodesic flow has only one transverse measure µ up to scalar multiples such that the flow is ergodic with respect to µ. Here, the modulus mod(R i ) of the cylinder R i is the ratio of the circumference to the height.
For details of ergodicity, see [KH95] , [Nik01] .
Main Theorems
In this section, we prove the following two theorems. First theorem gives upper bounds of numbers of holomorphic sections of all Veech holomorphic families of Riemann surfaces. The second theorem gives a relation between types of Veech groups of flat surfaces and moduli of cylinders of cylinder decompositions of the flat surfaces.
Theorem 3.1. Let (M, π, B) be a Veech holomorphic family of Riemann surfaces of type (g, n) over B. Suppose that the base space B is a Riemann surface of type (p, k). Then the number of holomorphic sections of (M, π, B) is at most
Theorem 3.2. Let (X, u) be a flat surface of type (g, n). Suppose that the Veech group Γ(X, u) is of type (p, k : ν 1 , · · · , ν k ) (ν i ∈ {2, 3, · · · , ∞}). Let {R i } be the cylinder decomposition of (X, u) by a Jenkins-Strebel direction. Then,
By Theorem 2.11, a proof of Theorem 3.1 is given by estimating the cardinality of the set S(X, u) = z ∈ X : Aff + (X, u){z} = Ker(D){z} .
Let ϕ : X → Y = X/Ker(D) be the quotient map. Then Y has a flat structure u ′ induced by the flat structure u on X. Assume that Y is of type (g ′ , n ′ ). Since Γ(X, u) = Aff + (X, u)/Ker(D), we may consider Γ(X, u) as a subgroup of the affine group Aff + (Y, u ′ ). Then, ϕ(S(X, u)) = {w ∈ Y : Γ(X, u){w} = {w}}. Theorem 2.16 and the assumption that Γ(X, u) is of finite type imply that the set of all Jenkins-Strebel directions of (X, u) is dense in [0, π). We may assume that the direction θ = 0 is a m-Jenkins-Strebel direction of (X, u) for some 1 ≤ m ≤ 3g − 3 + n. Then θ = 0 is also a m
be the cylinder decompositions of (X, u) and (Y, u ′ ) by the direction θ = 0, respectively. We define a map σ : 
Lemma 3.3. The set Cross(A) contains ϕ(S (X, u) ).
Proof. Since ϕ (S(X, u) ) is the set of all fixed points of Γ(X, u) on (Y, u ′ ), the set ϕ (S(X, u)) is contained in Cross(A). 
Here, ⌈x⌉ is the smallest integer which is greater than or equal to x.
Proof. Suppose that j = σ(i). 
Lemma 3.5. For every j ∈ {1, · · · , m ′ } and w ∈ I ′ j,0 , the inequality
Proposition 3.7.
Proof. By Lemma 3.4, Lemma 3.5 and Lemma 3.6, we have
To prove Theorem 3.1 and 3.2, we estimate b 0 c 1 , ♯Ker(D),
, and b0 mod(Ri) . By Theorem 2.14, we have
For all i ∈ {1, · · · , m}, let s holds. Let q be the holomorphic quadratic differential on (X, u) such that q = dz 2 for (U, z) ∈ u. All points of X\C(X, u) are not zeros of q. Every point of C(X, u)∩X is a zero of q and the orders of the punctures of X with respect to q are greater than or equal to −1. By the Riemann-Roch theorem, the sum of orders of all zeros of q is 4g − 4. Hence, ♯C(X, u) ≤ 4g − 4 + 2n and we obtain the claim.
Lemma 3.9.
Proof. Each element of Ker(D) is uniquely determined by the image of a saddle connection and its orientation if it exists. Therefore, we obtain ♯Ker(
Lemma 3.10. For all i ∈ {1, · · · , m},
Remark. Theorem 3.2 is immediately proved from Lemma 3.10.
To prove Lemma 3.10, we consider the Landau function G(n). The Landau function G(n) is the greatest order of an element of the symmetric group S n of degree n.
Remark. Landau showed that lim n→∞ log(G(n)) n log(n) = 1
and Massias [Mas84] showed that log(G(n)) ≤ 1.05313 . . . n log(n) with equality at n = 1319766. In this paper, we apply the following inequality which is easily proved
This inequality is better than Massias's if n ≤ 27. Let C i be a core curve of the cylinder R i for each i ∈ {1, · · · , m}. Then h α B is a composition of right hand Dehn twists along C i (i = 1, · · · , m). Hence, for every i ∈ {1, · · · , m}, there exists n i ≥ 1 such that αb 0 = n i mod(R i ). Thus mod(R i ) b 0 = α n i < 2 exp 5 e (3g − 3 + n) .
Proof of Lemma 3.10. Take h
Next, let us consider the affine map h = h Proof of Theorem 3.1. Since m is the number of cylinders of a cylinder decomposition of (X, u), we have m ≤ 3g − 3 + n. By Theorem 2.14, Proposition 3.7, Lemma 3.9, and Lemma 3.10, we have ♯S(X, u)
< 32π(2p − 2 + k)(3g − 3 + n) 2 2(3g − 3 + n) + 3 exp 5 e (3g − 3 + n) .
Let Γ be a finite index subgroup of Γ(X, u) which is of type (p ′ , k
be a holomorphic family of Riemann surfaces corresponding to Γ as in Section 2. By the same argument as above, we obtain the following corollary.
Corollary 3.11. The number of holomorphic sections of the holomorphic family (M ′ , π ′ , B ′ ) of Riemann surfaces is at most 32π(2p ′ − 2 + k ′ )(3g − 3 + n) 2 2(3g − 3 + n) + 3 exp 5 e (3g − 3 + n) .
